We explore the infrared limit of quantum gravity in presence of a cosmological constant or effective potential for scalar fields. For a positive effective scalar potential, one-loop perturbation theory around flat space is divergent due to an instability of the graviton propagator. Functional renormalization solves this problem by a flow of couplings avoiding instabilities. This leads to a graviton barrier limiting the maximal growth of the effective potential for large values of scalar fields. In the presence of this barrier, variable gravity with a field dependent Planck mass can solve the cosmological constant problem by a cosmological runaway solution. We discuss the naturalness of tiny values of the cosmological constant and cosmon mass due to a strong attraction towards an infrared fixed point.
I. Introduction
Functional renormalization for the effective average action or flowing action [1, 2] aims for a description of quantum gravity from the shortest to the longest distances or wavelengths. An ultraviolet (UV) fixed point can define an asymptotically safe model [3] and render quantum gravity non-perturbatively renormalizable. We address here the infrared (IR) limit. The existence of a consistent IR-limit is a prerequisite for a consistent and reliable description of quantum gravity. Furthermore, a crossover between UV-and IR-fixed points in scalar-tensor theories of quantum gravity can provide a realistic cosmology with a single scalar field responsible both for early inflation and late dynamical dark energy [4, 5] .
In the absence of a cosmological constant, perturbative quantum gravity can be treated as an effective low energy theory, expanded around flat space [6, 7] . A one loop computation yields rather mild non-local corrections to the inverse graviton propagator ∼ q 4 ln q 2 , to be compared with the classical contribution ∼ M 2 q 2 , with M the Planck mass. This type of computation can be extended to a negative cosmological constant. For a positive cosmological constant, however, the graviton propagator in flat space becomes tachyonic. A perturbative expansion around flat space is no longer possible, since the instability is associated with divergent momentum integrals.
Accordingly, already the pioneering work by Reuter [8] on the functional renormalization flow of quantum gravity has revealed problems to achieve a proper IR-limit in case of a positive cosmological constant. The issue concerns an instability in the flow equation that needs to be controlled in a proper way [9] . In turn, this instability is rooted in the perturbative instability of the flat-space graviton propagator in presence of a positive cosmological constant. The continued discussion of the role of the instability [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] may have left the impression that results depend strongly on the method and truncation chosen and can therefore not be considered as reliable. * c.wetterich@thphys.uni-heidelberg. de In ref. [20] it was proposed that the use of a gauge invariant flow equation (for a single metric field) [21, 22] leads to a conceptually simple solution of the infrared problem. The flow of couplings is such that the singularity is always avoided. In the infrared limit a positive cosmological constant or effective scalar potential is subject to strong non-perturbative renormalization effects. The flow entails a "graviton barrier" implying that for an increasing scalar field χ the effective potential V (χ) cannot increase faster than the squared χ-dependent Planck mass M 2 (χ). For a cosmology characterized by a runaway solution for which χ increases towards infinity in the infinite future, the observable dimensionless cosmological constant V /M 4 vanishes if M 2 diverges for χ → ∞ [23] . This constitutes a dynamical solution of the cosmological constant problem. In particular, for models of variable gravity [24] , with M 2 = χ 2 for χ → ∞, the graviton barrier implies that the ratio V /M 4 has to vanish ∼ χ −2 or faster. The presently still non-zero value of V can constitute dynamical dark energy or quintessence [23, 25] .
In this note we have a closer look at the infrared limit of quantum gravity. We pay particular attention to the role of diffeomorphism symmetry. We show that this symmetry enforces cancellations of flow contributions that are crucial for a proper understanding of the infrared limit. At this point one realizes the great advantage of a diffeomorphism invariant flow equation with a single macroscopic metric. In the often used background flow equation [26] it seems rather hard to derive truncations that keep track of these cancellations. The same holds for approaches in flat space that do not employ explicit diffeomorphism symmetry of the effective action [14] [15] [16] 18] .
The cancellation of contributions from different terms, similar to different loop diagrams in perturbation theory, is crucial for an understanding of the naturalness of a tiny cosmological constant, or of a tiny mass term for the cosmon, the pseudo Goldstone boson of spontaneously broken scale symmetry. In the presence of a fixed point, large individual diagrams do not indicate the "natural size" of a quantity. They rather ensure an efficient approach to the fixed point. The "natural size" of quantities is determined by their values at the fixed point or in the vicinity of it.
The extreme infrared limit corresponds to vanishing mo-menta. One therefore evaluates the effective action for metric and scalar fields that do not depend on the position in space and time. In case of diffeomorphism symmetry this focusses on the effective scalar potential in flat space.
In section II we show that a suitable truncation of the diffeomorphism invariant flow equation indeed yields a gauge invariant effective action in the infrared limit. In section III we turn to the infrared limit in the scalar sector and point out the cancellations which occur in the flow of scalar n-point functions at zero momentum. We discuss the naturalness of a tiny cosmological constant and cosmon mass. Section IV extends this to the graviton propagator and vertices at zero momentum. Our conclusions are discussed in section V.
II. Infrared limit of quantum gravity
We explore the infrared limit of quantum gravity by solving the flow equation [1] for the effective average action Γ k
with ∂ t = k∂ k . Here the infrared cutoff R k suppresses the contribution of modes with small eigenvalues of the covariant Laplacian (or some other suitable differential operator), −D 2 ≪ k 2 , while the factor ∂ t R k removes contributions from large eigenvalues −D 2 ≫ k 2 , such that momentum integrals in the one loop expression (1) are both infrared and ultraviolet finite. We work within the gauge invariant formalism for a single metric field [21] . In eq. (1) we have not indicated explicitly the projections on physical modes. We also have omitted the subleading measure contribution. The second functional derivative Γ (2) k depends on the macroscopic metric g µν , which is the argument of the effective average action or flowing action Γ k . For R k a function of suitable covariant derivative operators the r.h.s. of eq. (1) is manifully gauge invariant.
For evaluating the r.h.s. of eq. (1) we employ (in a Euclidean setting) the truncation
with R the curvature scalar for the metric g µν and g = det(g µν ). Both V and M 2 depend on k. They can be functions of scalar fields, and we consider here the situation where both quantities are positive, V ≥ 0, M 2 ≥ 0. Perturbative non-local corrections typically involve terms ∼ R 2 or R µν R µν , with logarithmically running dimensionless coefficients [7] . In the infrared region of
2 ) these terms play no role for our discussion. For V > 0 and V ≪ M 4 they only induce tiny shifts for the location of the onset of instability in momentum space. The shift in the graviton barrier is therefore tiny, and we can omit such terms for our discussion of the gravitational contribution to the flow of V .
Gauge invariance of IR-limit
The infrared limit corresponds to a situation where the physical length scales grow very large. These physical length scales are either given by a curved geometry or by the inverse momentum in some scattering process. In momentum space, the physical length scales act as an effective infrared cutoff for quantum fluctuations, such that fluctuations with momenta q smaller than q phys no longer contribute. The flow with k of vertices and propagators contained in Γ k remains essentially unaffected by the presence of a physical cutoff as long as k ≫ q phys . On the other hand, this flow effectively stops for k q phys . For q phys given, for example, by the Hubble parameter of the present universe, we may therefore follow the flow from very large k to q phys , neglecting the effects of curved geometry to a good approximation. The infrared limit q phys → 0 translates to the limit k → 0 for the solution of eq. (1).
The extreme infrared limit ("zero momentum limit") obtains for an x-independent metric g µν , as well as constant scalar fields. This limit is the subject of the present investigation. For a realistic cosmological situation the information about the approach to the extreme infrared limit may be used by stopping the k-flow at some characteristic value k ≈ q phys . The zero momentum limit projects on the first term in eq. (2) .
We first want to show that the flow equation (1) is consistent with the diffeomorphism invariant form for the effective action at zero momentum,
verifying explicitly the gauge invariance of the flow equation. For this purpose we have to evaluate the r.h.s. of eq. (1) for arbitrary constant g µν and to verify that the flow does not induce terms that are not proportional to √ g. We can employ SO(d) rotations -the euclidean analogue of the Lorentz transformations -in order to bring any constant g µν to diagonal form, with eigenvalues g µ > 0,
For an
It is therefore sufficient to evaluate ∂ t Γ for the metric (4). The dominant contributions to the flow in the infrared arises from the transverse traceless metric fluctuations t µν which obey g µν t µν = 0, g νρ ∂ ν t µρ = 0. For positive V > 0 and in the absence of the IR-cutoff R k the propagator for these modes shows a tachyonic instability. We will see that the flow is precisely such that this instability is avoided. The dominant IR-contribution of metric fluctuations is associated to a large enhancement near the "graviton barrier" [20] , which prevents the singularity to appear.
The inverse propagator for the transverse traceless metric fluctuations reads in momentum space
with
and P µνρτ t the projector on transverse traceless metric fluctuations obeying
In accordance, the infrared cutoff for these fluctuations is chosen as
with r k a dimensionless function of q 2 /k 2 to be specified later. In eqs. (5), (8) we have omitted the unit operator in momentum space, corresponding to a product of δ-distributions.
Insertion of eqs. (5), (8) into the general flow equation (1) yields
with q = (2π) −4 d 4 q and
where
The only dependence on g µ arises from q 2 in eq. (6) . By a rescaling q µ = √ g µqµ we can achieve
such that the Jacobian,
results inĨ
The integral
involves
It is independent of g µ . Besides the factor k 4 it only depends on the dimensionless combination v,
which may in turn depend on constant scalar fields. Thus I k in (9) is indeed ∼ √ g. This concludes the argument that the zero-momentum limit of Γ is given for all k by the diffeomorphism invariant form (3).
The simple diffeomorphism invariant form (3) of the effective action for constant metric and scalar fields has important consequences. It defines the zero momentum limit of the metric and scalar propagators, as well as all vertices with vanishing external momentum. The zero-momentum limit of the inverse propagator corresponds to the second functional derivative of Γ V , while higher derivatives of Γ V yield directly the zero momentum limit of the corresponding one-particle irreducible vertices.
Zero momentum graviton propagator
In flat space the inverse propagator for transverse traceless metric fluctuations takes by symmetry considerations for all k the general form
with K g defined such that K g (q 2 = 0) = 0. The zero momentum limit of the propagator G(q 2 = 0) is then determined by −2/V g . We can compute G(q) by expanding the effective action in second order in the transverse traceless metric fluctuations t µν , g µν = δ µν + t µν ,
The zero momentum limit obtains from Γ V , employing (for
Comparison of eqs. (18) and (19) yields for the quadratic term in eq. (20) the expected result
The three-graviton vertex and the four-graviton vertex at zero external momentum are also given by V . They correspond to the third and fourth derivative of Γ V , as given by the terms cubic and quartic in h 
One obtains for the dimensionless combination v
with "threshold function"
The threshold functions depend on the choice of the cutoff function r k (x) and have been discussed extensively in the literature [2, [27] [28] [29] , with l n (w) = l 4 n (w). We may consider a choice of IR-cutoffs such that p(x) has a minimum atx, with expansion close to the minimum
Close to the graviton barrier only a narrow range in |x −x| makes a substantial contribution to the integral (24) . We approximate x ≈x and
This yields for v in the vicinity ofp
and we conclude that the threshold function diverges for v →p. The flow of v prevents v to exceedp -this is the "graviton barrier". We do not attempt to compute the flow of M 2 in this note. As an example we consider a scenario where |∂ t ln M 2 | ≪ 1 such that M 2 becomes effectively a kindependent quantity. This may not be the correct infrared behavior of M 2 , but it illustrates well our purposes. For constant M 2 one finds for v close top
The flow of v is attracted for decreasing k to an approximate partial IR-fixed point for which the r.h.s. of eq. (28) vanishes,
For small values of k 2 /M 2 the ratio V /M 2 comes very close to a universal IR-value
It vanishes for k → 0.
III. Infrared quantum gravity with scalar field
In this section we investigate in more detail the flow of derivatives of the effective potential. This will reveal important cancellations of individual contributions, due to gauge symmetry and the presence of a fixed point.
Flow of χ-dependence of scalar potential
Let us next assume that V depends on a single scalar field χ, without specifying its normalization. We want to understand the flow of the χ−dependence of V (χ), and concentrate again on the dominant contribution from the transverse traceless metric fluctuations. The flow of ∂V /∂χ obtains by taking a χ-derivative of the flow equation for V ,
The χ-derivative of eq. (32) yields
The first term in eq. (34) has a standard representation as a one-loop diagram, shown in Here the curled line denotes a graviton propagator, the cross the insertion of ∂ t R k and the dot the scalar-gravitongraviton cubic vertex. According to the truncation (2) the vertex for a zero-momentum scalar and two gravitons with momenta q and −q is given as
Insertion of these expressions in the graph of Fig. 1 , together with the statistical factor 5/2 accounting for the five degrees of freedom, yields indeed the first term in eq. (34).
The second term ∆
R arises from the dependence of R k on χ. It reflects our implicit definition of the effective average action where R k depends on the macroscopic fields χ and g µν , rather than on some fixed background fields. In particular, for the choice (8) one has ∂ χ R k = ∂ χ (ln M 2 )R k . The additional term ensures that derivatives commute,
This is a crucial feature of a closed gauge invariant flow equation for a single metric and scalar field [21] . It distinguishes the present approach from the background field formalism.
Infrared enhancement for χ-derivatives
For M 2 independent of k one obtains for the χ-derivative of the dimensionless ratio v
where the appropriate threshold function reads
(40) We are interested here in the range of v for which the infrared enhancement of the graviton fluctuations occurs, e.g. for v nearp.
Typically, the flow equations for derivatives of Γ, e.g. inverse propagators and vertices, contain a higher number of graviton propagators in the loop. This is reflected by a stronger divergence of individual diagrams in the vicinity of the graviton barrier. In our case this is manifest by the stronger divergence of l 1 (−v) as compared to l 0 (−v),
For the approximate scaling solution (30) this results in a huge enhancement of l 1 /l 0 for small k 2 /M 2 ,
One may wonder what are the effects of this additional huge infrared enhancement, in particular if it could invalidate our discussion of the approach to the scaling form of V . According to eq. (38) the flow of ∂v/∂χ is attracted for k → 0 towards the approximate partial fixed point
For a tiny ratio l 0 /l 1 the dimensionless combination v becomes therefore almost independent of χ. The additional IR-enhancement leads to a rapid flow of v(χ) towards a χ-independent value. As it should be, this corresponds to the scaling solution (30) , which implies directly
We observe that the "IR-enhancement" of diagrams with a higher number of graviton propagators in the loop affects only the small difference between V and the scaling form
which corresponds to the χ-independent value v c =p. For
the derivative ∂V c /∂χ shows no trace of an additional IRenhancement. It follows the order of magnitude estimate ∂V /∂χ ≈ V /χ, e.g.
Flow of scalar propagator and IR-cancellation
We next address the flow of the scalar propagator at zero momentum. We discuss the contributions of various diagrams separately. This will reveal strong cancellation effects between different diagrams. The flow of the inverse scalar propagator at zero momentum (mass term),
and
while ∆
R denotes terms involving χ-derivatives of R k . The graphical representation of the first two terms is shown in Fig. 2 . Evaluating the contribution of the diagram with the squared cubic vertex yields for the region close to the graviton barrier
with threshold function
For V near V c one obtains
Inserting forp − v the scaling solution (30) produces for large M/k a huge enhancement factor
A naive estimate of the order of ∂V /∂χ 2 by the contribution of the first diagram in Fig. 2 
The ratio
is huge for large M 2 /k 2 . The reason for the failure of the naive order of magnitude estimate is the neglection of two important properties. The first is that the flow of ∂V 2 /∂χ 2 arises from the second derivative of the flow of V , which involves a less IR-enhanced diagram. This entails partial cancellations between different diagrams, e.g. between ζ 2 . The second is the strong attraction to the approximate IR-fixed point, which also enforces cancellations.
The sum of all contributions to the flow of ∂V /∂χ 2 can be inferred by taking a χ-derivative of eq. (38),
We observe again the strong IR-enhancement factor l 2 (−v) from the diagrams with three graviton propagators. Close to the scaling solution this is multiplied by the tiny factor (∂v/∂χ) 2 according to eq. (44). The combination
contains no longer any strong IR-enhancement, in contrast to the combination ζ 
For large M 2 /k 2 the second derivative of v is attracted very rapidly towards the approximate partial fixed point
As it should be, the latter coincides with the χ-derivative of eq. (44).
Cancellations and naturalness
We have made this somewhat lengthy explicit demonstration in order to show that a naive estimate of the "natural order of magnitude" of a quantity by the evaluation of a typical contributing loop diagram can be wrong by a huge factor. Infrared fixed points can lead to almost complete cancellations of terms, inducing small quantities whose symmetry origin is not immediately visible. Part of the properties can be understood by the realization of dilatation or scale symmetry at the fixed point [30] . Another part is related to the particular approach towards the fixed point, e.g. the corresponding "anomalous dimensions" characterizing the stability matrix.
These properties are relevant for two important issues in particle physics and cosmology, namely the naturalness of a small cosmological constant and a small mass for the cosmon -the scalar field responsible for dynamical dark energy. For both cases naive order of magnitude estimates suggest that tiny values are unnatural. We will see that the fixed point behavior precisely leads to such small values. Our findings confirm the general discussion of the consequences of an IR-fixed point for the issue of naturalness in ref. [30] . For a naive estimate large individual contributions to the flow seem to imply large "natural" values of the corresponding flowing coupling. In the presence of an IR-fixed point large contributions to the flow induce a particular rapid approach to the fixed point and therefore particular efficient cancellations of individual terms. This is the reason why the scaling form of the potential V c is realized with a very high accuracy for small k 2 /M 2 .
IV. Graviton propagator and vertices at zero momentum
For the graviton propagator and vertices at zero momentum similar considerations apply. In addition, an important particular feature is related to the presence of diffeomorphism symmetry. We have already established that the inverse graviton propagator at zero momentum V g equals the effective potential V , as required by diffeomorphism symmetry if a derivative expansion for the effective action is valid for the lowest order term. It is interesting to investigate again various individual contributions to the flow equation for V g and to see their partial cancellations.
For this purpose we evaluate the flow of the Γ for a constant diagonal traceless metric
e.g.
The inverse graviton propagator at zero momentum is given by the second derivative of L 0 ,
For the truncation (2) the flow equation for L 0 (g 1 ) reads explicitly
Taking two derivatives with respect to g 1 one finds
with q 2 = µ q 2 µ . Again, the part ∆ (g2) R involves derivatives of the cutoff functions R k with respect to g 1 . The contributions ζ We observe that the part ζ 
For the scaling solution close to the graviton barrier one finds
A naive estimate of the order of magnitude of V g by the size of the flow contribution ζ
g would result in an overestimate by a huge factor ∼ (M 2 /k 2 ) 2 . This is even worse for ζ (65) is important. For our realization of diffeomorphism symmetry the cutoff function involves the macroscopic metric g µν in the form of covariant derivatives and by the multiplicative factor √ g. As a result one finds by a suitable momentum rescaling (as discussed above) the simple relation
with ∂ t V given by eq. (22) being independent of g 1 . This implies directly the expected result
The presence of the term ∆ (g2) R is crucial for this argument. Omitting it, the rescaling of momenta no longer permits the tremendous simplification. In other words, if we omit the dependence of R k on the macroscopic metric through covariant derivatives, strong violations of diffeomorphism symmetry would occur.
Also the flow of a graviton vertices at zero momentum is given by ∂ t V , according to the relation for homogeneous g µν
We conclude that a proper implementation of diffeomorphism symmetry -in our case by the dependence of the cutoff R k on the macroscopic fields g µν and χ -is crucial for a reliable result in the vicinity of the graviton barrier. Otherwise spurious large infrared enhancement factors can lead easily to huge errors.
V. Discussion
Let us discuss our findings in the context of scalar tensor theories. For such theories of a scalar χ coupled to the metric, the functional flow equations based on the background field method or expansions around flat space have been discussed in refs. [31] [32] [33] [34] . Away from the strong nonperturbative infrared flow our approach based on the diffeomorphism invariant flow equation is expected to yield similar results. In the vicinity of the singularity, however, the strong cancellation effects discussed in the present note require a detailed understanding of the consequences of gauge symmetry, for which our method is particularly well suited.
Our central finding concerns the graviton barrier for the scalar effective potential V (χ), cf. eq. (31),
together with the diffeomorphism invariant form (3) of the zero momentum limit. This implies that the dimensionless ratio
vanishes for k → 0 if λ ≥ 0. The ratio λ plays the role of a dimensionless frame invariant cosmological constant [23] .
In the Einstein frame the cosmological constant becomes λ E = λM 4 and therefore vanishes ∼ k 2 or faster for k → 0. We have only derived an upper bound on λ. A behavior λ E ∼ k 4 [33, 34] is perfectly compatible with this bound. The flow of v typically has an UV-and an IR-partial fixed point. Indeed, a simple structure for the zeros of β v = ∂ t v follows if β v is negative for some region of v due to the term −2v. For v →p the function β v always becomes positive due to the enhanced graviton contribution near the barrier. On the other hand, for v → −∞ the term −2v dominates such that β v is again positive for large negative v. The necessary zeros of β v inbetween the limits correspond to the partial fixed points. If we consider any fixedk and start for large k close enough to the UV-fixed point, the infrared instability is not reached at k =k. The bound (73) is obeyed nevertheless, such that for V > 0 the potential cannot increase faster than M 2 as χ increases. A general trajectory as a function of k is a crossover from the UV-fixed point to the IR-fixed point. One may associate k qualitatively with a physical IR-cutoff q phys by external momenta in some scattering process or from a curved background geometry. More precisely, if k gets smaller than q phys the flow with k stops, such that in the limit k → 0 one replaces v(χ/k) by v(χ/q phys ). If no intrinsic scale is present, the crossover of v as a function of χ corresponds to the scaling solution for a scale invariant quantum effective action. The whole scaling solution can be associated to the UV-fixed point.
From the point of view of the UV-fixed point the ratio v is a relevant parameter. If this parameter flows away from the UV-fixed point this will induce some characteristic intrinsic scaleμ that indicates that v is no longer close to its fixed point behavior. As long as k >μ the flow is close to the fixed point and one can neglect the presence ofμ. Let us make the assumption (realized in many crossover situations) that the flow of v with k stops for k <μ. For k → 0 we can then replace v(χ/k) by v(χ/μ), such that
This interpolates between
for v nearp, and
for v in the region where β v ≈ −2v. For χ in the region where eq. (77) applies the IR-enhancement of the graviton fluctuations is not effective. A qualitative form of the effective potential is given by
where µ 2 =pμ 2 /2 and the coefficient c depends on the details how the flow with k is stopped for k <μ.
If M 2 increases monotonically with increasing χ, one may choose a normalization of χ where M 2 = χ 2 . The effective action for the scalar-graviton system becomes then
Here, the form of the scalar kinetic term, encoded in the dimensionless function B(χ/µ), has not yet been computed so far. Stability requires B(χ/µ) ≥ 0. With a specification of the qualitative behavior of B, eq. (73) constitutes the effective action of variable gravity [24] . Realistic cosmology, with χ playing the role of the inflaton in early cosmology, and the cosmon of dynamical dark energy in late cosmology, can be obtained [4, 5] for a suitable flow of the dimensionless kinetic function B(χ/µ) from a large UV-value for small χ/µ to a small IR-value for large χ/µ. For the cosmological solutions of the field equations derived from eq. (79) one finds that R is of the order µ 2 for all times. For this type of solutions the graviton instability is cured on-shell by the geometry. A nonzero value of V , as implemented by the stop of the flow for k <μ, does not lead to unstable behavior of the cosmological solution.
The generic solution of the cosmological constant problem for an effective action of the type (79) is very simple.
It suffices that cosmology is described by a "runaway solution" where χ → ∞ for t → ∞. The cosmological constant in the Einstein frame is given (for M the fixed reduced Planck mass) by
It vanishes in the infinite future since χ → ∞. At present λ E still differs from zero since χ = M , explaining a nonvanishing dynamical dark energy. No small dimensionless parameter is needed since µ is the only intrinsic scale. The present dark energy density is tiny since the universe is very old and the ratio χ/µ therefore very large. This basic mechanism was underlying the prediction [23] of a homogeneously distributed dynamical dark energy of the same order of magnitude as dark matter, long before its discovery.
The derivation of the graviton barrier in this note has made two important assumptions. The first states that the inverse graviton propagator for momenta q 2 in the vicinity of k 2 is reasonably well approximated by eq. (5). In the presence of the strong IR-flow close to the singularity the validity of a derivative expansion in the gravitational sector is not guaranteed. The effective gravitational action may contain non-local terms. The definition of the parameter M 2 may become ambiguous. For our purposes it should be defined by the graviton propagator at non-zero momentum, inserting q 2 =pk 2 in eq.(5). The next important step concerns therefore the understanding of the graviton propagator in the range q 2 ≈ k 2 , in addition to the behavior at q 2 = 0 discussed in the present paper. The second assumption has neglected the flow of M 2 with k. The additional term ∼ ∂ t ln(M 2 ) in eq. (23) cannot remove the singular behavior of the last term as the graviton barrier is approached for v →p. In principle, it is not yet excluded that ∂ t ln(M 2 ) also becomes singular for v →p, or even for v <p. Even in this case, and even for a more complicated non-local form of the gravitational effective action in the IR-domain, we expect that a proper treatment of the flow never enters a parameter range where the effective action becomes unstable. This will always imply an upper bound on v and therefore some form of a graviton barrier.
In this note we have not discussed in detail how cosmology provides for a dynamical solution of the cosmological constant problem. This has been done in numerous papers on variable gravity in the past. The reader may find detailed investigations of observable consequences as early dark energy in these papers [4, 5, 23, 24] . The emphasis of the present paper is more on technical aspects, concerning the issues of cancellations and naturalness [30] . We find important cancellations between individual contributions to the cosmological constant or effective scalar potential. They are due to symmetry and the presence of an IR-fixed point. Rather than being in contradiction to the naturalness of a tiny value of the cosmological constant or present dark energy density, these cancellations are a direct consequence of the general structure of the flow near fixed points.
We believe that our work contains general lessons for the discussion of naturalness of small parameters. We have demonstrated that in the vicinity of a fixed point the naive estimate of the order of magnitude of some quantity by the size of an individual loop contribution can be erroneous by many orders of magnitude. This naive estimate is, however, the approach often taken in discussions of the naturalness of a small cosmological constant. The present work demonstrates that the proper understanding of the flow near fixed points is crucial for estimates of the "natural" range of values for the cosmological constant.
